A construction of 2-designs from Steiner systems and extendable designs  by Nakasora, Hiroyuki
Journal of Combinatorial Theory, Series A 117 (2010) 1289–1294Contents lists available at ScienceDirect
Journal of Combinatorial Theory,
Series A
www.elsevier.com/locate/jcta
Notes
A construction of 2-designs from Steiner systems and
extendable designs
Hiroyuki Nakasora
Graduate School of Natural Science and Technology, Okayama University, Okayama 700-8530, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 23 February 2009
Available online 28 November 2009
Keywords:
t-Designs
Steiner systems and unitals
Unitals
We give a construction of a 2-(mn2 +1,mn, (n+1)(mn−1)) design
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1. Introduction
In this paper, we give a construction of a 2-(mn2 + 1,mn, (n + 1)(mn − 1)) design starting from
a Steiner system S(2,m + 1,mn2 + 1) and an aﬃne plane of order n. This construction generalizes a
speciﬁc result in [2, Lemma 3.4], where the special case of a 2-(65,16,75) design was found. This
2-(65,16,75) design was described by the 2-transitive action of U3(4) on the 65 isotropic points of
the 3-dimensional unitary space over F16. This design can also be extended to a 3-(66,16,21) design.
A construction of the sporadic Suzuki graph using this 3-design was given in [2, Theorem 4.1].
In Section 3, our construction of a 2-(mn2 + 1,mn, (n + 1)(mn − 1)) design is applied to known
inﬁnite families of Steiner 2-designs arising from (I) aﬃne geometries, (II) projective geometries, (III)
Denniston designs and (IV) unitals. For the cases (I), (II) and (III), we give some examples of 2-(mn2 +
1,mn, (n + 1)(mn − 1)) designs in Example 3.2. For the case (IV), we obtain an inﬁnite family of a
2-(q3 + 1,q2, (q + 1)(q2 − 1)) design (where q is a prime power) in Proposition 3.4. If q = 4, we have
a 2-(65,16,75) design.
In Section 4, we consider the extendability of 2-(mn2+1,mn, (n+1)(mn−1)) designs to 3-designs.
We see that the 2-designs in Example 3.2 are not extendable except for the 2-designs with parameters
(9,4,9) and (13,6,15). Let D be the 2-(q3 + 1,q2, (q+ 1)(q2 − 1)) design in Proposition 3.4. Then we
will show that if D is a derived design of a 3-design then q = 2 and if D is a point-residual design of
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design of some 3-(66,16,21) design. This 3-design was obtained as the maximum coclique design of
the sporadic Suzuki graph in [2, Theorem 2.5].
2. A construction of designs
A t-(v,k, λ) design D = (X,B) is a pair of a set X of points of cardinality v and a set B of
blocks with the properties that each block is incident with exactly k points and any t points are
incident with exactly λ blocks. It follows that every i-subset of points (i  t) is contained in exactly
λi = λ
(v−i
t−i
)
/
(k−i
t−i
)
blocks. A t-design is said to have repeated blocks if there are two blocks incident
with the same set of k points. A t-design is simple if it has no repeated blocks. An isomorphism from
(X,B) to (X ′,B′) is a pair of bijections, from X to X ′ and from B to B′ , preserving incidence and
non-incidence. Two t-designs (X,B), (X ′,B′) are isomorphic, if there exists an isomorphism.
A t-design with λ = 1 is called a Steiner system. The notation S(t,k, v) is also used for Steiner
systems. An aﬃne plane of order n is a 2-(n2,n,1) design (a Steiner system S(2,n,n2)). Aﬃne
planes are known to exist for all prime power orders, but no plane of non-prime power order is
known.
We give a construction of a 2-design in the following theorem.
Theorem 2.1. Let S = (X,Q) be a Steiner system S(2,m + 1,mn2 + 1), m > 1, n > 1. For each x ∈ X, we set
Qx = {Q \ {x} | Q ∈ Q, x ∈ Q } and suppose that Lx is a family of n-element subsets of Qx with the property
that (Qx,Lx) is an aﬃne plane of order n. (Here notice that |Qx| = n2 .) For each l ∈ Lx, we deﬁne the new
block Bl =⋃Q \{x}∈l Q \ {x} and set B =
⋃
x∈X {Bl | l ∈ Lx}.
Then D = (X,B) is a 2-(mn2 + 1,mn, (n + 1)(mn − 1)) design.
Proof. It is easily seen that the block size of Bl ∈ B is equal to mn. Let x and y be two distinct points
of X . Since S = (X,Q) is a Steiner system, there is a unique block H of Q containing x and y. Let
z ∈ H \ {x, y}. Since H \ {z} ∈ Qz and (Qz,Lz) is an aﬃne plane of order n, there are n+ 1 lines of Lz
containing H \ {z}, and so there are n+1 blocks of {Bl | l ∈ Lz} containing x and y. Hence the number
of blocks of
⋃
z∈H\{x,y}{Bl | l ∈ Lz} containing x and y is equal to |H \ {x, y}|× (n+1) = (m−1)(n+1).
Let z′ ∈ X \H . Let K and K ′ be a unique block of Q containing {x, z′} and {y, z′}, respectively. Since
K \ {z′}, K ′ \ {z′} ∈ Qz′ and (Qz′ ,Lz′ ) is an aﬃne plane of order n, there exists a unique line of Lz′
containing K \ {z′} and K ′ \ {z′}, and so there exists a unique block of {Bl | l ∈ Lz′ } containing x and y.
Hence the number of blocks of
⋃
z′∈X\H {Bl | l ∈ Lz′ } containing x and y is equal to |X \ H| × 1 =
(mn2 −m). Since we have (m− 1)(n + 1) +mn2 −m = (n+ 1)(mn− 1), it follows that any two points
are contained in exactly (n + 1)(mn − 1) blocks of B. 
In general, D is not a simple design. We have the following proposition.
Proposition 2.2. If m > n, then D is a simple design.
Proof. Suppose that there are two distinct blocks B, B ′ ∈ B such that |B ∩ B ′| =mn. If B, B ′ ∈ {Bl | l ∈
Lx} for x ∈ X , then B = B ′ . We may assume B ∈ {Bl | l ∈ Lx} and B ′ ∈ {Bl′ | l′ ∈ Ly} for two distinct
points x, y ∈ X . Let B = H1 ∪· · ·∪ Hn and B ′ = K1 ∪· · ·∪ Kn for H1, . . . , Hn ∈ Qx and K1, . . . , Kn ∈ Qy .
Since (X,Q) is a Steiner system, |Hi ∩ K j | = 0 or 1 for any Hi ∈ Qx and K j ∈ Qy . Therefore if m > n,
we have |B ∩ B ′| n2 <mn. Hence D has no repeated blocks. 
3. Designs obtained from inﬁnite families of Steiner systems
In this section, we give some examples of 2-(mn2 + 1,mn, (n+ 1)(mn− 1)) designs in Theorem 2.1
obtained from inﬁnite families of Steiner systems. The following theorem is due to Khosrovshahi and
Laue in [3].
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(I) S(2,q,qr), q is a prime power, n 2 (aﬃne geometries);
(II) S(2,q + 1,qr+1 − 1/q − 1), q is a prime power, n 2 ( projective geometries);
(III) S(2,2r,2r+s + 2r − 2s), 2 r < s (Denniston designs);
(IV) S(2,q + 1,q3 + 1), q is a prime power (unitals).
For the cases (I), (II) and (III), we have the following examples.
Example 3.2. Let S be a Steiner system S(2,m + 1,mn2 + 1), and let D be a 2-(mn2 + 1,mn,
(n + 1)(mn − 1)) design in Theorem 2.1.
(I) If S is an aﬃne geometry S(2,q,qr), then we have m = q − 1,n2 = qr − 1/q − 1. If S is an aﬃne
plane (r = 2), the equation n2 = (m+1)2 −1/m has the solutions (r,m,n) = (2,2,2) and (2,7,3).
By Theorem 2.1, a 2-(9,4,9) or 2-(64,21,80) design D is obtained from an aﬃne planes of order
2 or 3, respectively. If r  3, the smallest example is a 2-(243,22,252) design which is obtained
from the parameters (r,m,n) = (5,2,11).
(II) If S is a projective geometry S(2,q+ 1,qr+1 − 1/q− 1), then we have m = q,n2 = qr − 1/q− 1. If
S is an aﬃne plane (r = 2), the equation n2 =m2 − 1/m − 1 has the solutions (r,m,n) = (2,3,2)
and (2,8,3). By Theorem 2.1, a 2-(13,6,15) or 2-(73,24,92) design D is obtained from an aﬃne
planes of order 2 or 3, respectively. If r  3, the smallest example is a 2-(364,33,384) design
which is obtained from the parameters (r,m,n) = (5,3,11).
(III) If S is a Denniston design S(2,2r,2r+s + 2r − 2s), 2  r < s, then we have m = 2r − 1 and
2s + 1 = n2. Since 2s = (n + 1)(n − 1) and 2  r < s, we have r = 2, s = 3 and n = 3. Hence we
have (m,n) = (3,3). By Theorem 2.1, a 2-(28,9,32) design D is obtained from an aﬃne planes
of order 3.
Remark 3.3. By using computer, if r  3, the equation n2 = qr − 1/q − 1 has the only solutions
(r,q,n) = (5,3,11) and (4,7,20) for n 1000.
Next we consider the case (IV). Suppose that q is a prime power. Then the unital S(2,q+1,q3 +1)
is constructed by using the U3(q)-space as follows.
Let V be a 3-dimensional vector space over a ﬁeld Fq2 . We deﬁne a Hermitian form 〈 , 〉 by 〈u, v〉 =∑3
i=1 ui v
q
i , for u = (u1,u2,u3), v = (v1, v2, v3) ∈ V . A non-zero vector u ∈ V \ {0} is called isotropic
if 〈u,u〉 = 0, and non-isotropic if 〈u,u〉 = 0. Set W = {[u] | 0 = u ∈ V }, X = {[u] ∈ W | 〈u,u〉 = 0} and
Q = {[u] ∈ W | 〈u,u〉 = 0}, where [u] = {λu | λ ∈ Fq} for u ∈ V . It is easily seen that |X | = q3 + 1 and
|Q| = q2(q2 − q + 1). We consider the incidence structure (X,Q) such that [u] ∈ X and [v] ∈ Q are
incident if and only if 〈u, v〉 = 0. Then the incidence structure (X,Q) is a unital S(2,q + 1,q3 + 1).
Proposition 3.4. If S = (X,Q) is a unital S(2,q + 1,q3 + 1) in Theorem 2.1, then D is a 2-(q3 + 1,q2,
(q + 1)(q2 − 1)) design.
Proof. Let S = (X,Q) be a Steiner system S(2,m + 1,mn2 + 1) in Theorem 2.1. If S is a unital S(2,
q + 1,q3 + 1) where q is a prime power, then we have m = n = q. By Theorem 2.1, a 2-(q3 + 1,q2,
(q + 1)(q2 − 1)) design D is obtained from an aﬃne planes of order q. 
4. Extendable designs
Let D = (X,B) be a t-(v,k, λ) design. The derived design Dp of D with respect to a point p ∈ X
has point set X \ {p} and block set {B \ {p} | B ∈ B, p ∈ B}. It is a (t − 1)-(v − 1,k − 1, λ) design.
The point-residual design Dp of D with respect to a point p ∈ X has point set X \ {p} and block set
{B ∈ B | p /∈ B}. It is a (t − 1)-(v − 1,k, λt−1 − λt) design.
1292 H. Nakasora / Journal of Combinatorial Theory, Series A 117 (2010) 1289–1294A design E is a ﬁrst extension of D if E has a point p such that Ep is isomorphic to D, which is a
(t + 1)-(v + 1,k+ 1, λ) design. A design E ′ is a second extension of D if E ′ has a point p such that E p
is isomorphic to D, which is a (t + 1)-(v + 1,k, k−tv+1−kλ) design. In this paper, we call D extendable if
it has a ﬁrst or second extension.
Lemma 4.1. Let D be a 2-(mn2 + 1,mn, (n + 1)(mn − 1)) design.
(1) If D is a derived design of a 3-design, then
(n + 1)n(n − 1)(n − 2)
mn + 1
is an integer.
(2) If D is a point-residual design of a 3-design, then
2(m2 − 4m + 1)n − 4(m − 2)
mn2 −mn + 2
is an integer.
Proof. (1) If D is a derived design of a 3-(v + 1,k + 1, λ) design, then the number of blocks of this
3-design is
(v + 1)v(v − 1)
(k + 1)k(k − 1) λ =
(mn2 + 2)(mn2 + 1)(n + 1)n
mn + 1
= m
2n6 + 3mn4 + 2n2 +m2n5 + 3mn3 + 2n
mn + 1
= (mn + 1)(mn
5 +mn4 − n4 + 2n3 + 3n2) + n4 − 2n3 − n2 + 2n
mn + 1
=mn5 +mn4 − n4 + 2n3 + 3n2 + (n + 1)n(n − 1)(n − 2)
mn + 1 .
Hence (n+1)n(n−1)(n−2)mn+1 is an integer.
(2) If D is a point-residual design of a 3-(v + 1,k, k−2v+1−kλ) design, then we have
k − 2
v + 1− kλ =
(mn − 1)(mn − 2)(n + 1)
mn2 −mn + 2
= m
2n3 − 3mn2 + 2n +m2n2 − 3mn + 2
mn2 −mn + 2
= (mn
2 −mn + 2)(mn + 2m − 3) + 2m2n − 8mn − 4m + 2n + 8
mn2 −mn + 2
=mn + 2m − 3+ (2m
2 − 8m + 2)n − 4(m − 2)
mn2 −mn + 2 .
Hence 2(m
2−4m+1)n−4(m−2)
mn2−mn+2 is an integer. 
Proposition 4.2. Let D be a 2-(mn2 + 1,mn, (n + 1)(mn − 1)) design. If n = 3, then D is not extendable.
Proof. We have
(n + 1)n(n − 1)(n − 2)
mn + 1 =
24
3m + 1 .
Since 243m+1 is not an integer for m > 1, D is not a derived design of a 3-design by Lemma 4.1(1).
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Extendable designs in Example 3.2.
(m,n) 2-(mn2 + 1,mn, (n + 1)(mn − 1)) 1st ext. 2nd ext.
(I) (2,2) 2-(9,4,9) 3-(10,5,9) 3-(10,4,3)
(7,3) 2-(64,21,80) – –
(2,11) 2-(243,22,252) – –
(II) (3,2) 2-(13,6,15) 3-(14,7,15) –
(8,3) 2-(73,24,92) – –
(3,11) 2-(364,33,384) – –
(III) (3,3) 2-(28,9,32) – –
We have
2(m2 − 4m + 1)n − 4(m − 2)
mn2 −mn + 2 =
(3m + 1)(m − 5) + 12
3m + 1 .
Since 123m+1 is not an integer for m > 1, D is not a point-residual design of a 3-design by
Lemma 4.1(2). 
In Example 3.2, if n = 3, there are three 2-designs with parameters (64,21,80), (73,24,92) and
(28,9,32). By Proposition 4.2, these three designs are not extendable. If (m,n) = (2,11) or (3,11),
we have
(n + 1)n(n − 1)(n − 2)
mn + 1 =
12 · 11 · 10 · 9
23
or
12 · 11 · 10 · 9
34
and
2(m2 − 4m + 1)n − 4(m − 2)
mn2 −mn + 2 =
−33
111
or
−24
166
.
By Lemma 4.1 (1) and (2), 2-(243,22,252) and 2-(364,33,384) designs are not extendable.
The following theorem is due to Alltop [1].
Theorem 4.3 (Alltop). Let (X,B) be a t-(2k + 1,k, λ) design. If t is even, then (X ∪ {∞}, {B ∪ {∞} | B ∈
B} ∪ {X \ B | B ∈ B}) is a (t + 1)-(2k + 2,k + 1, λ) design, where ∞ is a new point not in X.
Let D1 be a 2-(9,4,9) design in Example 3.2(I) (or the case q = 2 in Proposition 3.4) and D2 be
a 2-(13,6,15) design in Example 3.2(II). By Theorem 4.3, D1 and D2 have the unique ﬁrst extension
3-(10,5,9) and 3-(14,7,15) design, respectively. The unique second extension 3-(10,4,3) design of
D1 can be obtained by adding the 3-repeated blocks of S(2,3,9). We remark that D1 can be extended
twice more, so that we obtain 4-(11,5,3) and 5-(12,6,3) designs.
We list the above results for Example 3.2 in Table 1.
For the case (IV), we have the following theorem.
Theorem 4.4. Let D be the 2-(q3 + 1,q2, (q + 1)(q2 − 1)) design in Proposition 3.4.
(1) If D is a derived design of a 3-design, then q = 2.
(2) If D is a point-residual design of a 3-design, then q = 2 or 4.
Proof. (1) By Proposition 3.4, we have m = n = q. Then we have
(n + 1)n(n − 1)(n − 2)
mn + 1 =
(q + 1)q(q − 1)(q − 2)
q2 + 1
= (q
2 + 1)(q2 − 2q − 2) + 4q + 2
2
.
q + 1
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q2+1 (= u, say) is an integer. If q 5,
we have 4q + 2 q2 + 1 and so u is not an integer for q  5. By a direct computation for q  4, we
have q = 2.
(2) We have
2(m2 − 4m + 1)n − 4(m − 2)
mn2 −mn + 2 =
2(q2 − 4q + 1)q − 4(q − 2)
q3 − q2 + 2
= 2(q
3 − q2 + 2) − 6q2 − 2q + 4
q3 − q2 + 2
= 2− 6q − 4
q2 − 2q + 2 .
By Lemma 4.1 (2), if D is a point-residual design of a 3-design, then 6q−4
q2−2q+2 (= v, say) is an
integer. If q  8, we have 6q − 4  q2 − 2q + 2 and so v is not an integer for q  8. By a direct
computation for q 7, we have q = 2 or 4. 
In the case q = 2, D is a 2-(9,4,9) design which is already treated. In the case q = 4, D is a
2-(65,16,75) design, and D is a point-residual design of a 3-(66,16,21) design which is obtained as
the maximum coclique design of the sporadic Suzuki graph in [2, Theorem 2.5].
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